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Abstract
Recently, Kim and Seo considered the partially degenerate Bernoulli numbers and
polynomials of the ﬁrst kind and of the second kind and investigated some properties
of these numbers and polynomials. In this paper, we consider degenerate Daehee
numbers and polynomials and extend them to partially and totally degenerate
Daehee numbers and polynomials. We give some properties and identities and relate
those numbers and polynomials with Daehee polynomials and Bernoulli polynomials
of the second kind. Some q-analogues of the degenerate Bernoulli polynomials are
studied by Kim et al. This research inﬂuenced us to study q-analogues of the
degenerate Daehee numbers and polynomials. We also study q-analogues of partially
and totally degenerate Daehee numbers and polynomials. And we give some
formulas related to those numbers and polynomials.
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1 Introduction
Let p be a ﬁxed prime number. Throughout this paper, Zp,Qp and Cp will denote the ring
of p-adic integers, the ﬁeld of p-adic rational numbers and the completion of the algebraic
closure of Qp, respectively. The p-adic norm is normalized as |p|p = p . Let UD(Zp) be the
space of all Cp-valued uniformly diﬀerentiable functions of Zp.
















log ( + t)
t ( + t)
x (see [, ]). ()
There are many works related with Daehee numbers and polynomials (see [–]).
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For λ, t ∈Cp with |λt| < p–

p– , the Daehee polynomials with parameter λ are deﬁned by






log ( + λt) λ
( + λt) λ – 
( + λt) xλ (see [–]). ()
When λ = , Dn(x) =Dn(x|) are the Daehee polynomials in () (n≥ ).
As it is well known, Bernoulli polynomials of the ﬁrst kind Bn(x) and of the second kind















log ( + t) ( + t)
x, ()
respectively (see [–]). When x = , Bn = Bn() and bn = bn() are the Bernoulli num-
bers of the ﬁrst kind and of the second kind, respectively.







( + λt) λ – 
( + λt) xλ . ()
Let q be an indeterminate such that | – q|p < p–

p– . The q-extension of the number x is
deﬁned as [x]q = –q
x
–q . Note that limq→[x]q = x. For f ∈ UD(Zp), the p-adic q-integral on










From (), we can derive the following integral equation:
qIq(f) – Iq(f ) = (q – )f () +
q – 
logq f
′() (see []), ()
where f(x) = f (x + ).
Whenwe study q-analogues of Bernoulli polynomials or Daehee polynomials, the above
() and () are very useful (see [, , –]).
Now we recall from [] that the q-analogues of Bernoulli polynomials of the second
kind bn,q(x), degenerate Bernoulli polynomials of the ﬁrst kind βn,q(x|λ), of the second
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q( + λt) λ – 







(q – ) + q–logq log ( + λt)

λ






(q – ) + q–logq log( + λt)

λ
q( + λt) λ – 
( + λt) xλ ,
()
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respectively. When x = , bn,q = bn,q(), βn,q(λ) = βn,q(|λ), bn,q(λ) = bn,q(|λ) and Dn,q(λ) =
Dn,q(|λ) are called the q-analogues of Bernoulli numbers of the second kind, degenerate
Bernoulli numbers of the ﬁrst kind, of the second kind and λ-Daehee numbers, respec-
tively. Note that limq→ bn,q(x) = bn(x).
The purpose of this paper is to study the degenerate, partially degenerate and totally
degenerate Daehee numbers and polynomials. In addition, we study q-analogues of those
numbers and polynomials.
2 On degenerate Daehee polynomials
For λ, t ∈Cp with |λt| < p–

p– , we consider the degenerate Daehee polynomials which are
given by the generating function to be
log ( + t)
log ( + λt) λ






When x = , dn(λ) = dn(|λ) are called the degenerate Daehee numbers,
lim
λ→
log ( + t)
log ( + λt) λ







Thus, limλ→ dn(x|λ) =Dn(x).
The degenerate Daehee numbers and polynomials are constructed by degenerating only
denominator of Daehee numbers and polynomials. This idea comes from the observa-
tion of degenerate Bernoulli numbers and polynomials which are deﬁned and studied by
Carlitz.
































dn(x + y|λ) t
n
n! =
log ( + t)


























Wenote that () implies that the degenerateDaehee polynomials are a Sheﬀer sequence.
Thus, from () and (), we have the following theorem.
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From (), we consider the following:
log( + t)
log( + λt) λ
( + t)x = log( + t)t
λt





































By comparing the coeﬃcients of both sides of (), we have the following result.








From (), for λ, t ∈Cp with |λt| < p–

p– , we observe the following identity:
log( + t)





























On the other hand, by () and (), we have the following:
log( + t)




( + λt) xλ dμ(x)
= t
( + λt) λ – 
log( + t)
t ( + t)
x

























Therefore, by () and (), we obtain the following theorem.













































































where Belk(x) are called the kth Bell polynomial (see []).
Therefore, by () and (), we obtain the following theorem.







For r ∈ N, we deﬁne the higher-order degenerate Daehee polynomials which are given











When x = , d(r)n (λ) = d(r)n (|λ) are called the degenerate Daehee numbers of order r.
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Thus, we have the following theorem.




























































Thus, by (), we have the following theorem.















)S(l + r, r)(l+r
r
) λn–lB(n–l–r+)n–l (x + ).
3 On partially degenerate Daehee polynomials
For λ, t ∈ Cp with |λt| < p–

p– , we consider the partially degenerate Daehee polynomials
denoted by d˜n(x|λ) and given by the generating function to be
( + t)λ – 
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When x = , d˜n(λ) = d˜n(|λ) are called the partially degenerate Daehee numbers,
lim
λ→
( + t)λ – 
λt ( + t)







Thus, limλ→ d˜n(x|λ) =Dn(x).
In this section, we concentrate on the polynomials obtained by degenerating only the
numerator part of Daehee numbers and polynomials. We call these numbers and polyno-
mials partially degenerate Daehee numbers and polynomials. The motivation for this par-




So, the Daehee polynomials with λ-parameterDn(x|λ) are a wonderful degenerating func-
tion for Bernoulli polynomials.
From the generating function for the partially degenerate Daehee polynomials (), we
can prove the following theorem similarly to () and ().
















From (), we observe the partially degenerate Daehee numbers. Then we have the fol-
lowing identity:





























On the other hand,




( + λt) xλ dμ(x)




log( + λt) λ
( + λt) λ – 







l +  λ
l– tl
l! . ()
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Therefore, by () and (), we obtain the following theorem.








n +  λ
n–.
Let us take λ =  and replace t by e(et–) –  in (). Then similarly to () we have the
following theorem.







4 On totally degenerate Daehee polynomials
For λ, t ∈ Cp with |λt| < p–

p– , we consider the totally degenerate Daehee polynomials
denoted by d∗n(x|λ) and given by the generating function to be
( + t)λ – 







When x = , d∗n(λ) = d∗n(|λ) are called the totally degenerate Daehee numbers. Similar to
the previous case, we can check that limλ→ d∗n(x|λ) =Dn(x).
The totally degenerate Daehee numbers and polynomials are constructed by degener-
ating both numerator and denominator of Daehee numbers and polynomials. From the
generating function for the totally degenerate Daehee polynomials (), we can see that
the totally degenerate Daehee polynomials are a Sheﬀer sequence. And we have the fol-
lowing theorem.
















From (), we consider the following:
( + t)λ – 
log( + λt) =
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By comparing the coeﬃcients of both sides of (), we have the following result.








From (), we observe the following identity:
( + t)λ – 





























On the other hand, by () and (), we have the following:
( + t)λ – 




( + λt) xλ dμ(x)
= t
( + λt) λ – 
( + t)λ – 


























Therefore, by () and (), we obtain the following theorem.














For r ∈N, we deﬁne the higher-order totally degenerate Daehee polynomials which are
given by the generating function to be
( ( + t)λ – 
log( + λt)
)r






When x = , d∗(r)n (λ) = d∗(r)n (|λ) are called the totally degenerate Daehee numbers of or-
der r.
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Thus, we have the following theorem.








Now, we give a relation for the given numbers and polynomials, which are Daehee, de-



























5 q-Analogues of degenerate, partially degenerate and totally degenerate
Daehee polynomials
Some q-analogues of the degenerate Bernoulli polynomials are studied by Kim et al. in
[]. This research inﬂuenced us to study q-analogues of the degenerate Daehee numbers
and polynomials. In this section, we study q-analogues of degenerate, partially degenerate
and totally degenerate Daehee polynomials. And we give some formulas related to those
polynomials.
For λ, t ∈ Cp with |λt| < p–

p– , the q-analogues of degenerate Daehee polynomials de-
noted by dn,q(x|λ) are given by the generating function to be
log ( + t)
(q – ) + q–logq log ( + λt)

λ














From (), we have the following theorem.
















Also, by () and (), we consider the following:
log ( + t)



































Thus, we have the following theorem.








From () and (), we note that
log ( + t)
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On the other hand,
log ( + t)
































Therefore, by () and (), we obtain the following result.













We consider the q-analogues of partially degenerate Daehee polynomials by the gener-
ating function to be
(q – ) + q–logq
(+t)λ–
λ







When x = , d˜n,q(λ) = d˜n,q(|λ) are called the q-analogues of partially degenerate Daehee
numbers.
Also, we can see the following:
lim




From the deﬁnition of q-analogues partially degenerate Daehee numbers and polyno-
mials in (), we have the following identities.
















Lim Advances in Diﬀerence Equations  (2015) 2015:287 Page 13 of 14
We can also consider the q-analogues of totally degenerate Daehee polynomials by the
generating function to be
(q – ) + q–logq
(+t)λ–
λ
(q – ) + q–logq log( + λt)

λ






When x = , d∗n,q(λ) = d∗n,q(|λ) are called the q-analogues of totally degenerate Daehee
numbers.










From (), we have the following identities.
















We give the relation among q-analogues of degenerate, partially degenerate, totally de-
generate Daehee numbers and polynomials and Daehee numbers and polynomials.
Consider the following:
(q – ) + q–logq
(+t)λ–
λ
(q – ) + q–logq log( + λt)

λ
log ( + t)
t ( + t)
x
= log ( + t)
(q – ) + q–logq log( + λt)

λ
(q – ) + q–logq
(+t)λ–
λ


























Thus we have the following theorem.
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